Lasing at the nanometre scale promises strong light-matter interactions and ultrafast operation. Plasmonic resonances supported by metallic nanoparticles have extremely small mode volumes and high field enhancements, making them an ideal platform for studying nanoscale lasing. At visible frequencies, however, the applicability of plasmon resonances is limited due to strong ohmic and radiative losses. Intriguingly, plasmonic nanoparticle arrays support nonradiative dark modes that offer longer life-times but are inaccessible to far-field radiation. Here, we show lasing both in dark and bright modes of an array of silver nanoparticles combined with optically pumped dye molecules. Linewidths of 0.2 nanometers at visible wavelengths and room temperature are observed. Access to the dark modes is provided by a coherent out-coupling mechanism based on the finite size of the array. The results open a route to utilize all modes of plasmonic lattices, also the high-Q ones, for studies of strong light-matter interactions, condensation and photon fluids.
Introduction
Plasmonic systems offer small mode volumes, ultrafast dynamics and nanoscale operation, which opens new prospects for light-matter interactions. Strong coupling between plasmonic modes and ensembles of emitters has been demonstrated [1, 2] , and strong coupling even at the level of a few emitters has been reached at room temperature [3, 4] . Gain assisted propagation of plasmon polaritons, spacing and lasing have been predicted [5, 6, 9, 11] and studied experimentally [1, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] 24] , and the possibility of photon condensates has been proposed [25] . The fundamental tradeoff between the confinement of optical fields and losses [26] render plasmonic systems inherently lossy. This motivates a search for hybrid modes where losses can be reduced by a narrow-linewidth component while still preserving the near-field characteristics of the plasmonic component.
Lattices of metal nanoparticles support modes called surface lattice resonances (SLRs) which are hybrids of localized nanoparticle surface plasmon resonances and diffracted orders (DOs) of the periodic structure [27] [28] [29] [30] . The mode energies, losses and optical density of states can be tuned by lattice and particle geometry. The SLRs combine extreme optical confinement with the narrow linewidths inherent in the DO part of the hybrid. Indeed, strong coupling with organic molecules in such a system has been observed [2, 31, 32] . Infrared lasing at weak coupling regime has been realized in such lattices [15, 24] , with linewidths of less than 1.3 nm [15] . As the losses of an optical dipole scale as ω 4 , noble metals can suffer considerably higher losses at visible compared to IR. A key question has been whether similar nanoparticle structures could support lasing also at visible frequencies. Importantly, plasmonic lattices can also support so-called dark SLR modes, whose subradiant character results to significantly higher Q-values as compared to their radiant (bright) counterparts [33] . Thus plasmonic dark modes are promising candidates for realizing lasing, single-emitter strong coupling, and photon fluids at visible wavelengths. A central challenge is how to excite and couple out these inherently subradiant modes.
Here, we experimentally demonstrate lasing at the visible wavelengths in both bright and dark modes of the plasmonic lattice. A new concept to access the dark modes is introduced, which is based on a gradual, coherent build-up of dipole moments in a finite lattice.
Results

Dark and bright modes of an infinite lattice
We fabricate and measure arrays of silver nanoparticles on glass, with interparticle spacings of 360 − 400 nm and array sizes of 100 × 100 (µm)
2 , see Methods. Figs. 1 a-c show the measurement setup, schematic and scanning electron micrograph of a sample. In Fig. 1 d the measured dispersion E(k x ) of a typical sample is shown, where k x is the in-plane momentum in x-direction. Yellow features correspond to the bright modes that respond to the far-field radiation incident on the sample in the transmission measurement, while the location of the dark mode is indicated by a circle. Figs. 1 e-f show the corresponding electric field and charge distributions found by Finite-Difference Time-Domain (FDTD) simulations for an infinite array. In Fig. 1 e, a standing wave antinode at each particle location induces a large dipole moment and radiation to the far field, thus it is referred to as a bright mode. In Fig. 1 f, however, the field gradient related to a field node induces a quadrupole moment into each particle resulting to zero net dipole moment and negligible far-field radiation, a feature of a dark mode. For both cases, the plasmonic component of the hybrid is evident from the strong near fields in the particle vicinity. A dark mode here specifically refers to one band-edge mode missing in the far field. There are other categories of dark modes in plasmonics systems which present a subradiant mode, especially in metamaterials with symmetry-breaking features [34, 35] .
Lasing
We combine the lattices with a 31 mM solution of Rhodamine 6G molecules. For concentrations of this order of magnitude, formation of aggregates is not significant [36] . Addition of the dye molecules modifies the refractive index surrounding the structure, shifting the SLR resonances slightly from Fig.1 . We excite the molecules with a 100 femtosecond laser pulse (500 nm centre wavelength) and observe the emission, see Methods. Figs. 2 a-c show the momentum and energy distribution of the sample emission with different pump fluencies. Below threshold, the emission closely follows the dispersion of the SLR mode (Fig. 2 a) . The emission spectra in Fig. 2 d shows that at threshold, an intense and narrow emission peak at 2.185 eV is observed, and well above threshold a second peak appears at 2.178 eV. The momentum distributions of these two peaks are shown in Figs. 2 b and c, respectively. For both peaks, characteristic signatures of lasing, such as rapid nonlinear increase of emission intensity, reduction of linewidth, and a blue shift of the emission are observed in response to increasing pump fluence, see Figs. 2 e-f. Further, a high beam directionality with divergence of 0.3
• is observed for both modes. The qualitative behaviour of lasing thresholds is well reproduced by an FDTD simulation with the dye molecules described as four-level systems (for details see Methods), as shown by the Fig. 2 g. The simulations show lasing at two separate energies, 2.169 eV and 2.142 eV. The higher energy mode has a lower lasing threshold, analogous to the experiments. The location of the dark mode is indicated by the black circle. The colour bar indicates the value of extinction (1-transmission). (e-f) Charge and field distributions of the bright and dark modes for the infinite lattice, obtained from Finite-Difference Time-Domain (FDTD) simulations with periodic boundary conditions. The character of these modes can be understood by considering an array of nanoparticles with period p x = p y mainly polarized along y direction and thus radiating predominantly along −x and +x direction. Two counter-propagating radiation fields result to a standing wave which has either a node or an antinode at each particle location, corresponding to the dark or bright mode at k = 0, respectively. = p y = 375 nm, particle diameter d = 60 nm) with (a) P = 0.7 P th , (b) P = 1.3 P th and c) P = 2.0 P th , where P th is the threshold pump fluence for the higher energy lasing mode. In a-c, the colour bars indicate the emission intensity in arbitrary units. (d) Emission spectra, (e) the mode energies, and (f) the mode output powers of the lower (red squares) and higher (blue squares) energy modes as a function of pump fluence. Also shown are the linewidths for lower (higher) energy modes as red (blue) dots. (g) FDTD simulation with the gain medium described as four-level systems, the red (blue) squares corresponding to the lower (higher) energy mode, respectively. We have observed lasing for array periodicities 370 − 390 nm. Above threshold, we obtain 10 4 increase in emission intensity, linewidths of 0.2 nm and remarkably low beam divergence of ∆θ FWHM = 0.3 • .
Control experiments
To further characterize the lasing, several control experiments were carried out. First, a sample with equal area and amount of nanoparticles but at random positions exhibits no lasing, ruling out random lasing [37] . FDTD simulations of our structures show that the near fields decay, in the z-direction perpendicular to the array, to 5% of the peak value within 100 nm. We deposited polymer (PVA) layers of various thicknesses on top of the array so that the gain medium was separated from the nanoparticles: for thickness of about 100 nm we observed lasing, but not for 500 nm (see Supplementary Fig. 1 and Supplementary Note 1). For phenomena reliant on strong coupling, presence of the emitters extremely close to the nanoparticles is expected to be more essential than for our lasing which takes place in the weak coupling regime. As one more control, in contrast to Ref. [1] where SLRs hybridize with waveguide modes, our samples exhibit no lasing when over 75% of particles are removed. For more information about the control experiments with 0%, 50% and 75% of particles removed, see Supplementary Figs . 2-4 and Supplementary Note 1.
Real space images
From Figs. 2 d-f we note that the higher energy lasing mode has a lower threshold, higher emission intensity, and a slightly narrower linewidth compared to the lower energy peak. It could therefore be associated with the low loss dark mode. However, in case of an infinite array size, the dark mode should not radiate to the far field, see Fig. 1 f. Curiously, the higher energy mode exhibits multiple peaks in k, whereas the lower energy lasing mode shows only a single peak at k = 0, see Fig. 2 c. A striking difference between the two cases is observed also in real space images of the lasing action. These far field microscope images correspond to the real space distribution of radiation from the sample but are not the same as the near-field distribution. Figs. 3 a-b show that the lower energy mode lases in the middle of the array, while in the case of the upper energy mode the lasing light is predominantly visible at the edges. In Figs. 3 c-d are shown multipolar scattering simulations, without a gain medium, of a finite 85 × 85 particle array under y-polarized plane wave excitation (for details see Methods). In the simulations the particle polarizabilities include both dipolar and quadrupolar components. The real-space images in far field result from radiation emitted by the sample. The far field emission power is dominated by dipoles, thus the radiated far field intensities in Figs. 3 a-b are proportional to the square of induced dipole moments. Notably, the phase of the dipole moment stays nearly constant across the array for the lower energy mode (Fig. 3 e) , whereas for the higher energy mode the phase undergoes an abrupt π-phase shift at the centre of the array (Fig. 3 f) . The amplitudes and phases of the quadrupolar moments for both modes are shown in Supplementary Fig. 5 and the related discussion can be found from Supplementary Note 2.
Finite size effects
We hypothesize that the higher energy mode is indeed the dark mode, and that its visibility, the peculiar beating pattern in k and the real space distribution of the lasing light are all consequences of gradual evolution of radiation fields in the array due to finite-size effects. Fig. 4 shows schematically how finite size effects can lead to radiating dipoles near the edge of the array that are either in the same (bright mode) or opposite (dark mode) phase. Importantly, such a picture holds only if spatial coherence is preserved over the whole array. The profoundly different character of the two modes is manifested in their dipole moment distributions. According to the argument of Fig. 4 , for the bright (dark) mode, the induced dipole moments maximize in the centre (edges) of the array. The dark mode in a finite lattice is thus a hybrid mode containing also features typical for a bright mode of an infinite lattice, such as dipoles, which makes it visible in the far field. The expected radiation in real space is strongest where the dipoles maximize. Indeed, in the real space images of the lasing action, the bright mode mainly emits from the centre of the array (a) For a bright mode, the phase across the array remains constant due to constructive interference of the counter-propagating radiation fields at each particle location. The amplitude at the edge, however, will be reduced to one half as there are no particles and therefore no radiation incident from the other side. (b) For a dark mode, particles in the array are driven by left-and right-propagating radiation fields, which destructively interfere at the particle locations and therefore create a standing wave node and a quadrupole excitation. As one moves away from the centre, however, the destructive interference becomes gradually less complete due to unequal number of particles contributing to left-and rightpropagating waves. This results in a buildup of dipole moments whose relative weight compared to the quadrupoles gradually increases when moving away from the centre of the array. Importantly, for the dark mode the dipoles induced by the left-and right-propagating radiation fields are out of phase by π. The dark mode in a finite lattice is thus different from the one in an infinite lattice: it features dipole moments and can thus be viewed as a hybrid mode with characteristics of both the bright and dark modes of an infinite lattice.
( Fig. 3 a) , whereas the dark mode radiates from the edges (Fig. 3 b) . Similar behaviour is visible in the simulations (Figs. 3 c-d) .
The different real-space distributions of the two lasing modes are expected to lead to distinct behaviour of the corresponding far-field momentum distribution. Analogous to single slit interference, the bright mode acts as a source with a constant phase and nearly equal amplitude, leading to an odd beating pattern in k (constructive interference at k = 0). For the dark mode, radiation maximizes towards the edges, and thus a double slit analogy can be made. Due to the π-phase shift in the radiation fields across the array, an even beating pattern in k is expected (destructive interference at k = 0). Indeed, in Fig. 2 c, we observe a peak at k = 0 for the lower energy mode and two peaks shifted away from k = 0 for the higher energy, as expected for bright and dark modes, respectively.
As the ultimate test to our hypothesis, the even beating pattern in k for the dark mode should depend on the array size. This is exactly what we observe: as the array size is decreased, the spacing of the beating pattern maxima gradually increases (Fig. 5) , depending linearly on the inverse of the array size, which is expected for small angles. The associated beating pattern in k shows that spatial coherence of the lasing action extends over the whole array for the system sizes (50-100 µm) considered. From the lasing spectra for different array sizes (Fig. 5 c) it is apparent that while smaller arrays have a higher pump threshold, the mode linewidth is not increased significantly. We have thus shown lasing in the dark mode which can be coupled out by a unique approach based on the finite size of the array.
DISCUSSION
In summary, we have demonstrated lasing at visible wavelengths both in dark and bright modes of a nanoparticle array. Even though plasmonic systems at visible wavelengths are lossy, we achieve remarkably narrow (0.2 nm) linewidths, an increase of four orders of magnitude in emission intensity above threshold, low beam divergence of 0.3
• , and spatial coherence lengths of 100 µm. This achievement, together with earlier reaching of the strong coupling regime [31, 32] , paves the way for studies of phenomena which combine strong interactions with macroscopic mode population, for example thresholdless lasing, photon and polariton condensation, and photon fluids. The dark-mode out-coupling mechanism that we introduce is not simple scattering or leakage from sharp edges of the system, rather, it is gradual, coherent build-up of dipole moments and radiation intensity. This inspires ideas for the design of not only out-coupling schemes but also beam guiding, trap potentials, topologically non-trivial lattices and edge modes, for instance by gradually changing the pitch and by particle shapes supporting higher order multipoles.
METHODS
Sample fabrication
Using electron beam lithography, rectangular arrays of cylindrical (nomimal diameter 60 nm, height 30 nm) silver nanoparticles were fabricated on a borosilicate substrate. The angle resolved transmission spectra were obtained by focusing light from a white LED onto a sample. A 10× 0.3 NA objective focused onto the sample surface collected the transmitted light.
Measurement setup
The image of the back focal plane of the objective was focused to the entrance slit of the spectrometer. Thus the transmitted (or emitted) light from the sample into a given angle is focused into a single position on the entrance slit. One axis of the 2-dimensional CCD camera of the spectrometer can then be used to resolve the angle of the transmitted /emitted light, while the other axis is used to resolve the wavelength. The E(k) dispersions were subsequently calculated from the angle and wavelength resolved spectra as E = hc/λ and k || = k 0 sin(θ). Here k 0 = 2π/λ and θ is the angle with respect to sample normal. The real space images were obtained by focusing the image plane of the same sample onto a separate 2-D CCD camera.
For lasing measurements, the gain medium was pumped with a femtosecond laser (45
• incident angle, 500 nm centre wavelength, 100 fs pulse width, 1 kHz repetition rate). The gain medium consisted of 31 mM Rhodamine 6G in Benzyl Alcohol.
Data analysis
The beam divergence is obtained from the angle resolved lasing data (see Fig. 2 ) by plotting the emission intensity as a function of in-plane k-vector at the lasing energy. From this crosscut, we can determine the full-width-half-maximum value of each individual lasing peak, ∆k FWHM . For small angles sin(θ) ≈ θ, and thus the divergence can finally be defined as ∆θ FWHM = ∆k FWHM /k 0 [rad], where k 0 is the free space wavenumber. The angular separation of the two peaks at dark mode energy (see Fig. 5 ) can be calculated with the previous equation by replacing ∆k FWHM with peak separation ∆k.
Simulations FDTD simulations were done using Lumerical's FDTD Solutions software. The nanoparticle was modelled as a 30 nm tall cylinder with a diameter of 60 nm. Tabulated material parameters for silver were used [38] . The background refractive index was set to 1.52. For the field profile simulations the simulation mesh was set to 0.6 nm over the volume of the nanoparticle. Ten dipole sources with random orientation, location, and phase excite the SLR modes with a 3.3 fs pulse at the beginning of the simulation. Field profiles were recorded after the simulation had ran for 700 fs to filter out the excitation pulse. An infinite array was considered in the simulations by choosing the x and y boundary conditions to be either asymmetric and symmetric (bright mode, Fig. 1 e) , or asymmetric and asymmetric (dark mode, Fig. 1 f) , respectively. This selection of boundary conditions allows to isolate the modes of interest, and control the polarization direction of the bright mode. As the structure has the same periodicity in x and y, equivalent modes exist also in the perpendicular direction to the one shown in Figs. 1 e and f.
The simulations with gain in FDTD were done using a similar model, except this time periodic boundary conditions were used for both x and y to allow both the bright and dark modes to exist simultaneously. The excitation of the modes is done by pumping the dye molecules with a 500 nm, 30 fs, 0.01-2.5 mJ · cm −2 pulse normally incident on the structure. The dye is modelled as four-level systems, which are coupled to the electric fields in time domain, similar to Ref. [8] . After the pump pulse, the excitations in the dye molecules relax to the upper lasing state, and from there excite the bright and dark SLR modes through stimulated emission if the population inversion is sufficient to overcome the losses in the system, see Supplementary Figs . 6-7 and Supplementary Note 3. For the parameters used to model the dye and for a more detailed description of the model, see see Supplementary  Fig. 8 and Supplementary Note 3. In addition to the FDTD modelling shown in the main text, we have used a neo-classical model with simplified description for the SLR modes to simulate the lasing action in a nanoparticle array [10] , see Supplementary Fig. 9 and Supplementary note 4 for details.
Theoretical calculations
Our theoretical calculations of the array response, see Fig. 3 , are based on the multiple scattering T-matrix method [2] , which is a generalization of the often-used coupled dipole approximation, enabling to take into account multipole responses of a single nanoparticle up to an arbitrary multipolar order. We compute the electromagnetic response (T -matrix) of a single nanoparticle using scuff-em, an open-source implementation of the boundaryelement method (http://github.com/homerreid/scuff-EM) [6] . The nanoparticle parameters are the same as in the FDTD simulations above. All the calculations are performed up to the quadrupole order. Fig. 3 c shows the magnitudes of the electric dipole moment in the y-direction among the nanoparticles when the array is excited by the y-polarized plane wave coming from the normal direction, at a frequency corresponding to the bright mode. Fig. 3 d depicts the same y-dipole response when the array is excited by two y-polarized plane waves with opposite incident angle, corresponding to the peaks of the observed k-space beating patterns. A brief explanation of the multiple scattering method and figures showing the quadrupole response among the nanoparticles are provided in the Supplementary Fig. 5 and Supplementary Note 2.
Data availability
The authors declare that relevant data supporting the findings of this study are available on request. Supplementary Figure 2. Control experiment results where a fraction of the nanoparticles are removed. (a-c) Luminescence data for a sample with 0 % of particles removed and with pump powers 0.9 P TH , 1.0 P TH and 1.1 P TH , respectively. The colorscale represents the observed emission intensity. In (c), the spectrometer CCD was strongly saturated by the laser emission, causing the apparent spreading along the horizontal axis. Below each plot are shown the crosscuts in energy at k || = 0. Figure 6 . Normalized lasing spectra and corresponding field profiles obtained from FDTD simulations with gain. The results for the bright SLR mode are shown in (a-b) and for the dark SLR mode in (c-d). The colorscales represent the electric field profiles at the lasing frequency in a single unit cell. The pump power was set to 0.63 mJ · cm −2 in the simulation. For this pump power, both modes are well above the lasing threshold, see Fig. 2 g of the main text, but the dark mode output power is about an order of magnitude higher than that of the bright mode. In (a), the spectrum is calculated from the electric fields at the bottom left corner of the unit cell. At this location, the dark mode field profile (d) has a node, and thus it is not visible in the calculated spectra. The smaller peak at 2.142 eV corresponds to the bright SLR mode, for which the field profile is shown in (b). The larger peak at 2.48 eV comes from the pump pulse. The dark SLR mode lasing spectra is shown in (c), and the electric field profile at the lasing peak energy 2.169 eV is shown in (d). The spectra is calculated 1/4th of the unit cell away from the corner along the horizontal axis. At this location, the bright mode has a node in its field profile, and thus is not visible in the calculated spectra. The bright SLR mode peak has been normalized to be 1 in the intensity scales.
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Supplementary Figure 7 . Snapshots of the populations at different points of the simulation in different levels of the 4-level gain medium. The colorscale repesents the fraction of molecules in a specific state at a specific time of the simulation run. In (a) the highest energy state population is shown. The pump pulse is starting to interact with the structure, showing how the pump interacts with the gain medium both directly, and through the surface plasmon resonance of the nanoparticles. In (b), the upper lasing state population is shown, after the population pumped to the highest energy state has decayed into the upper lasing state, but before lasing in the SLR mode starts. In (c) is the lower lasing state population after the onset of lasing in the SLR mode. The lower lasing state population shows where stimulated emission is taking place, and this matches well with the field profile of the dark SLR mode shown in Supplementary Fig. 6 (d) . The pump power is chosen to be below the threshold for the bright SLR mode lasing (field profile shown in Supplementary Fig. 6 (b) ). Figure 8 . Energy level diagram and the parameters used for modelling the dye molecules in FDTD simulations. The transition energies E 30 and E 21 , and the full-widths at halfmaximum of these transitions γ 30 and γ 21 are obtained from absorption and emission measurements of the Rhodamine 6G solution used in the experiments. In the beginning of a simulation, N 0 = 1. Then a fraction of the molecules gets excited by a pump pulse, causing level 3 to gain population. As the transition from level 3 to level 2 is much faster than the transition form level 3 to 0, the excitations quickly decay to level 2. This causes a population inversion for the transition from level 2 to 1, which supplies the necessary gain for lasing in the SLR modes. Supplementary Figure 9 . The threshold behaviour as predicted by the neo-classical lasing model.
Supplementary Note 1. Control experiments for the observed lasing action
The crucial role of the plasmonic near fields for the lasing action is also demonstrated by our control experiment where the gain medium is spatially separated from the array by a poly vinyl alcohol (PVA) layer: A sample with a 100 nm PVA spacer layer still exhibited lasing action with a clear threshold, but a sample with a 500 nm PVA layer did not, see Supplementary Fig. 1. Supplementary Fig. 1 (b) displays clear lasing in the 100 nm spacer layer sample, while the 500 nm spacer layer sample in Supplementary Fig. 1 (c) shows emission in a broad range of energy and momentum values. After removing the PVA layer and consequent replacement of the gain medium, however, the sample recovered its lasing action.
The lasing action in our samples is different from distributed feedback lasers consisting of a waveguide, gain medium and a periodic metallic structure. In such systems, the periodic structure merely provides the feedback for the waveguide mode. In our case, however, the refractive index of the gain medium is closely matched with the substrate and the cover slip, so the structure is not expected to support any waveguide modes, but rather only the surface lattice resonance (SLR). In [1] , waveguide modes were hybridized with SLR modes, and up to 95 % of the particles could be removed while still preserving the lasing action. In contrast, our samples exhibit no lasing if 75 % (or more) of the particles are removed. In Supplementary Figs. 2-4 are shown luminescence data for samples having 0 %, 50 % and 75 % of particles removed, respectively. For each sample, we plot the luminescence data with pump power below, at and above the threshold value P TH which is the threshold for the sample with 0 % of particles removed. A sample having 50 % of particles removed still lases ( Supplementary Fig. 3) . A sample having 75 % of particles removed did not lase at all, even with pump powers up to 3.5 P TH ( Supplementary Fig. 4 ).
A sample with the same number, shape and area of nanoparticles but in random positions shows no lasing either, even when pumped with powers up to P = 3.5 P TH , where P TH is the threshold for the sample with no particles removed. This rules out random lasing as the possible origin for the observed lasing action.
Supplementary Note 2. Coupled dipole and multipole scattering simulations
We simulated the linear response of our nanoparticle arrays with the multiple-scattering T -matrix method, principles of which we briefly sketch in the following. The technical details can be found in the literature [2] [3] [4] [5] .
Scattering of a time-harmonic electromagnetic incident field on a single scatterer in otherwise isotropic background medium can be described in terms of the regular M mn correspond to the field emitted by harmonically oscillating magnetic and electric multipoles, respectively. Outside a sphere surrounding the scatterer, the electromagnetic field is the sum of the incident and scattered field
where k is the wavenumber of the field in the background medium at a given frequency. Because of the linearity of Maxwell's equations, there is a linear relation between the expansion coefficients of the incident and scattered parts
The coefficients T tt mnm n are the elements of the T-matrix which completely characterizes the linear electromagnetic response of a single scatterer.
Using the translation addition theorem, the outgoing VSWFs can be re-expanded into the regular VSWFs in a spherical coordinate system with a different origin (labeled with j, as opposed to the original system which we label with l)
where the vector r lj = r l − r j connects the origins of both systems. If a second scatterer is present in the centre of the new coordinate system, the field scattered from the first scatterer incident onto the second one can be obtained. This way one can proceed with an arbitrary number of scatterers, leading to a linear system that, in matrix notation, is given by
which can be readily solved to obtain the solution for the scattering problem on a nanoparticle array. Expressions for the translation coefficients A mnµν (r lj ), B mnµν (r lj ) as well as the expansion coefficients p mn , q mn for the initial exciting plane wave can be found in the literature [3, 4] . The only missing part is then finding the T -matrix for a single nanoparticle, which we compute by the boundary element method [6, 7] .
The simulations presented in the article were performed up to the quadrupole order, i.e. only the elements with n = 1, 2 were included in the calculation. Including higher-order terms while keeping the array size reasonably large is problematic mainly due to the memory limitations.
In Supplementary Fig. 5 we show the simulated electromagnetic response of a 85 × 85 particle lattice at both bright and dark mode energies. We note that experimentally we observed the bright mode lasing perpendicularly to the array plane, while the dark mode had two beams coming out with slight deviation from the sample normal (see also Fig. 2 c  of the manuscript) . Therefore, in order to excite these modes with an external plane wave, one has to use direct incidence for the bright mode, and two plane waves with a slightly tilted angle and a π phase shift for the dark mode.
For the bright mode, the lattice is excited by a y-polarized plane wave coming from the normal direction: the electric dipole moments obtain approximately constant magnitude and phase across the array ( Supplementary Fig. 5 (a) ). At the center of the array, the standing wave due to two counter propagating radiation fields creates a standing wave pattern which has an antinode at each particle location. Due to symmetry, such a standing wave cannot excite the quadrupole moment into the center particles, resulting to a minimum magnitude of the quadrupolar moment at the array center ( Supplementary Fig. 5 (b) ). At the edges, however, only one of the counter propagating is present. Such a wave can excite the quadrupole moment to finite size of the particles (diameter 60 nm). The left and right propagating plane waves are out of phase by π, creating an abrupt phase shift at the center of the array ( Supplementary Fig. 5 (b) bottom) .
We then inspect the response at the dark mode energy ( Supplementary Figs. 5 (c, d) ), where we use an incidence angle of arcsin(π/kd x ) = 5.87×10 −3 rad. Here d x is the array size. At the center of the array, the two counter propagating plane waves are of equal magnitude and out of phase by π, creating a standing wave node at each particle location. Due to symmetry, such a wave cannot excite the dipolar moment into the particles, resulting to 1) minimum of the dipole moment and 2) maximum of the quadrupole moment at the center of the array. At the edges, only one of the counter propagating plane waves is present, therefore exciting the dipole moment of the particle. As the counter propagating plane waves are out of phase by π, the dipole moment distribution undergoes an abrupt phase shift at the center of the array.
One can summarize the results in the following way: 1) For the bright mode, the dipolar moment maximizes at the center and has roughly a constant phase across the array. 2) Quadrupolar moments minimize, and undergo a π phase shift at the center of the array. 3) For the dark mode, the opposite happens, i.e., dipoles minimize and undergo a π phase shift at the center of the array and 4) quadrupoles maximize at the center and have roughly constant phase across the array.
Supplementary Note 3. FDTD simulations with an active gain medium
The response of the dye molecules placed on top of the samples in the experiments was simulated using the FDTD method, similar to Refs. [8] and [9] . We use Lumerical's FDTD Solutions software, version 8.16.903 for the simulations. The dye molecules are modelled as 4-level systems, which are coupled in time domain to the electric fields of the nanoparticle arrays. The dye is placed as a 150nm thick film on top of the particles. The 4-level energy diagram, and parameters used for the simulations are shown in Supplementary Fig. 8 . The dye transition energies and full-width half-maximum values are obtained from absorption and emission measurements of the 31 mM Rhodamine 6G dye solution used in the experiments.
The density of the emitters is 1.867 · 10 19 cm −3 , corresponding to the 31 mM concentration used in the experiments.
In the beginning of the simulation, all of the dye molecules are in the ground state, N 0 = 1. We then use a 30 fs pump pulse, centered at 500 nm (2.48 eV), to excite the molecules. The pump is linearly polarized along the y-axis. Initially this pulse excites a fraction of the molecules to state N 3 , which then relax to state N 2 , creating a population inversion. After a sufficient population inversion is reached, stimulated emission to the dark or bright SLR modes quickly brings down the population of the state N 2 . Emission spectrum obtained for the dark and bright modes from the FDTD simulations are shown in Supplementary Fig. 6 , together with the field profiles at peak emission energies from the same simulation run. The energies of these modes are slightly shifted compared to the simulations without the active media (see Fig. 1 of the main text) through a change in the refractive index, which depends on the input power. The lattice period is 375 nm for both x and y directions.
Snapshots of the level populations observed with a pump power of 0.31 mJ · cm −2 at different times are shown in Supplementary Fig. 7 . The level populations are monitored in the x-y plane of the simulation, at the middle height of the nanoparticles. In Supplementary  Fig. 7 (a) is shown the population of state N 3 slightly before the pump pulse reaches its maximum intensity. Due to the localized surface plasmon resonance in the nanoparticles, the dye molecules close to the particle are pumped the hardest. In Supplementary Fig. 7 (b) the upper lasing level N 2 population is shown after the pump has passed through the structure, and the population in level N 3 has decayed into level N 2 . The structure does not lase yet. Slightly away from the nanoparticle, a band with lower amount of excited molecules is observed. This is due to overpumping the dye molecules close to the particle through the surface plasmon resonance. In Supplementary Fig. 7 (c) is shown the lower lasing state population N 1 after the structure has started to lase in the dark SLR mode. The lower lasing state population shows where stimulated emission has occurred, and this can be compared to the field profile of the dark SLR mode shown in Supplementary Fig. 6 (d) .
Supplementary Note 4. Neo-classical model of lasing
We model lasing in our system also along the neo-classical lines as explained in Ref. [10] . All nano-particles are assumed to be equal and well described by the same dipole. The array structure influences the effective polarizability via the coupled dipole approximation (CDA). Oscillating dipoles can then give rise to the lasing field when they are coupled with a gain medium. We model the Rhodamine 6G gain medium as a four-level system with parameters taken from Ref. [11] . The transition between the ground state and highest state is driven by a coherent laser pulse similar to experiments. We assume 10 % active molecules, a Purcell factor of 2, and SLR loss rate of γ SLR = 3 meV. In Supplementary Fig. 9 we demonstrate the resulting threshold behaviour. These results show that a neo-classical model that describes the SLR modes in a simplified manner is sufficient to produce the overall threshold behaviour. However, it is not able to describe lasing in the dark and bright modes included in the full FDTD-based model in Supplementary Note 3.
